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The maximum-likelihood expectation-maximization (ML-EM) algorithm is the most popular 
iterative reconstruction method in emission-computed tomography with a noise model based 
on the Poisson distribution. The ordered-subsets EM (OS-EM) algorithm is known owing to 
accelerating the convergence of the ML-EM algorithm with the drawback of slow convergence. 
In this paper, we propose an extended OS-EM algorithm with a power exponent. We theoretically 
prove the asymptotic stability of an equilibrium corresponding to the solution of the nonlinear 
hybrid dynamical system whose numerical discretization based on multiplicative calculus coincides 
with the extended OS-EM algorithm. We provide a numerical experiment to demonstrate the 
effectiveness of the proposed system and confirm the acceleration of the proposed method and 
the robustness against noise. The reconstruction of high-quality images made by the method even 
when the projection data is noisy allows patient dose reduction in clinical practice.
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1.  Introduction

Iterative reconstruction (IR)1, 2) is a method of obtaining 
tomographic images from projections in computed 
tomography (CT) and has advantages regarding the 
quality of reconstructed images over the filtered back-
projection (FBP) procedure3, 4).  The maximum-likelihood 

expectation-maximization (ML-EM) algorithm is the most 
popular IR method in emission CT with a noise model 
based on the Poisson distribution5).  In addition, the ML-
EM method is based on the principle of the optimization 
problem and has a feature that a relatively high quality 
image can be obtained even in the case when using a 
measured projection with a lower signal-to-noise ratio 
(SNR) or higher noise levels.  However, the ML-EM 
algorithm has a disadvantage that it requires a huge 
amount of discrete computation.  The ordered-subsets 
EM (OS-EM) algorithm6), in which the projection is 
divided into subsets or blocks where the EM iteration is 
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performed in each subset, is known owing to accelerating 
the convergence of the ML-EM algorithm with the 
drawback of slow convergence6-9).  In the OS-EM method, 
to further accelerate the convergence rate, a larger 
power factor was introduced10-14) while suppressing the 
divergence in the iterative process.  It was shown that 
the power-based ML-EM algorithm can maximize the 
likelihood value as well as accelerate the convergence 
rate13).  It is known that the ML-EM algorithm decreases 
an objective function with small iterative steps and 
increases it  with large steps in the case of  noisy 
projection.  Therefore, it is necessary to terminate the 
iteration at an early step to obtain a solution with an 
image with sufficient quality, and an ML-EM algorithm 
with an exponent for controlling a noise model in forward 
projection has also been proposed15).  For solving the 
tomographic inverse problem, we have presented a 
continuous-time image reconstruction (CIR) system16-19), 
which is based on the approach of continuous-time 
dynamical optimization.  The CIR system is described by 
a nonlinear differential equation with piecewise smooth 
vector fields, and the system is theoretically guaranteed 
to have asymptotic stability to the ideal solution while 
satisfying the pixel value constraint for the consistent 
inverse problem.  Recently, we have also proposed a 
continuous analog to the power-based accelerated OS-
EM20) and an approach to derive an IR algorithm by 
discretizing the continuous-time dynamical system using 
additive or multiplicative calculus21, 22).  The effect of 
the power factor for accelerating the OS-EM is easily 
understood by recognizing that it corresponds to the step 
size derived from the process via the discretization of the 
continuous analog20).

In this paper, we propose an extended OS-EM 
algorithm with a power exponent.  The parameter of 
the power exponent added to the original power-based 
OS-EM is not the power factor as a step size but the 
exponent associated with the ratio of the measured 
projection to the estimated forward projection.  Note that 
when the value of the exponent is one, it corresponds to 
the conventional power-based OS-EM algorithm.  For a 
consistent CT inverse problem, as a means to guarantee 
the convergence of the extended OS-EM algorithm to an 
exact solution, we use the dynamical system theory for 
a continuous analog of the iterative algorithm.  Namely, 
we theoretically prove the asymptotic stability of an 
equilibrium corresponding to the solution of the nonlinear 
hybrid dynamical system whose numerical discretization 
based on multiplicative calculus coincides with that of 
the extended OS-EM algorithm.  We provide a numerical 
experiment to demonstrate the effectiveness of the 
proposed system and confirm the acceleration of the OS-
EM method and the robustness against noise.

2.  System Description

Image reconstruction in CT is a problem to obtain the 
unknown variable x ∈ R J

+ for pixel values satisfying
y = Ax,                                                               (1)

where y ∈ RI
++ and A ∈ R I

+
×J respectively denote the 

projection and a projection operator representing the  
discretization of the Radon transform (and R+ and R++ 
respectively indicate the set of non-negative and positive 
real numbers).  If the system in Eq. (1) has a non-negative 
solution, it is consistent; otherwise, it is inconsistent.  The 
problem can be reduced to finding x using an optimization 
scheme that minimizes an objective function with respect 
to the system of Eq. (1).

Before describing the proposed system, we will provide 
a number of definitions and notations.  Let ym ∈ RI m

+  and 
Am ∈ RIm

+ ×J be, respectively, a subvector consisting of Im 
partical elements of y and a submatrix of A with the same 
corresponding rows of ym for m = 1, 2, . . . , M with M 
indicating the total number of divisions.  We also define

where Aij is the (i, j) element of A and λ := (λ1, λ2, . . . , λJ )⊤. 
To simplify the description, we denote vector-valued 
functions Log(β) := (log (β1), log(β2), . . . , log(βL))⊤ of 
each element in vector β = (β1, β2, . . . , βL)⊤ and Exp (γ ) :=  
(exp(γ 1), exp(γ 2), . . . , exp(γ L))⊤ of γ  = (γ 1, γ 2, . . . , γ L)⊤, 
respectively.  The objective function considered in this 
paper is expressed in the generalized Kullback–Leibler 
(KL) divergence23)

L

KL(β, γ ) =
=1

β log
β
γ

+ γ − β

= β (Log(β) − Log(γ)) + v (γ − β),

      (2)

for the given non-negative vectors β and γ , where v 
indicates an all-ones vector.  The divergence KL (β, γ ), 
known as the Csiszárʼs I-divergence measure, is non-
negative with KL (β, γ ) = 0 if and  only if β = γ . 

The proposed IR algorithm for solving the tomographic 
inverse problem is described by the iterative formula as 
follows.

zj zj(n+1)= (n)
hm

λ j
m A j

m Exp (α(Log(ym)− Log(A mz(n))))

(3)

                      n = 0, 1, 2, . . . , m = (n mod M) + 1, z(0) = x0, 

λ λj :=
I

i=1

Aij

− 1

and j
m :=

I m

i=1

Am
ij

− 1

, j = 1 , 2, . . . , J,

zj (n) λ j
m=

i∈B m

Aij
yi

(Az (n))i
,

α hm
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with a parameter α  > 0, where the collection {B1, B2, . . . , 
BM } is a partition or a subset of the index set {i = 1, 2, . . . , 
I}; the definition is the same as the derivation of Am and 
ym for m = 1, 2, . . . , M. 

The proposed discrete system in Eq. (3) has a 
continuous analog as an initial value problem of the 
switched nonlinear dynamical system, which consists of a 
family of M subsystems

dx (t)
dt

= X (t) Log ,Λm A m Exp (α (Log(ym) − Log(A mx(t))))

t − kτ ∈[tm−1 , tm ), t ≥ 0, x (0) = x 0 ∈R J
++

 (4)

for m = 1, 2,…, M, k = 0, 1, …, and a series of times 0 = t0 < t1 
< t 2 < … < tM =  τ , where X(t) := diag (x(t)) and Λ := diag(λ). 
Note that each subsystem is described by autonomous 
differential equations with a sufficiently smooth vector 
field. The solutions to the hybrid dynamical system are 
constructed through the connection of the last state of 
the previous mth subsystem and the initial state of the 
next (m + 1)th subsystem at every tm, for m = 1, 2, . . . , M , 
and M + 1 is set to be 1 for the cyclic switching process.

An integration of the continuous-time system in Eq. (4) 
by discretization via the multiplicative calculus reduces 
it to the IR algorithm in Eq. (3).  The following shows 
the geometric multiplicative first-order expansion of a 
nonlinear function that appeared in the vector field.  We 
describe the jth equation for the mth subsystem in Eq. (4) 
as

dx j (t) = x j (t)f j
m (x(t))

dt

at t ∈  [tm－1+kτ, tm + kτ ) for m = 1, 2, . . . , M and for non-
negative integer k. When applying the multiplicative 
Euler method to the mth subsystem, we obtain a single 
step at a time:

hm f j
m ,x j (t+ hm) = x j ( )exp (x(tt ))

where hm > 0 denotes the step size depending on m.  For 
the block continuous-time hybrid system, by choosing tm

－tm－1 =: hm and by connecting solutions to the subsystems 
at the discrete time tn, where t0 = 0 and 

for n = 1, 2, . . . , with k being the floor of n/M, we have 
the block-iterative form

hm f j
mxj(tn +1) = x j(tn ) exp ,(x(tn ))  (5)

                        n = 0, 1, 2, . . . , m = (n mod M) + 1, x(t0) = x0.
Through this discretization procedure, the discrete-time 
tn is identical to the switching time t = tm + kτ with τ = 

=1
M

M

h  in the hybrid dynamical system under the 

tn =
=1

h + k
=1

h
n − kM M

corresponding special switching signals.  By applying the 
same procedure to the continuous-time system in Eq. (4) 
and substituting x(tn) in Eq. (5) with z(n), we obtain the 
discrete-time system in Eq. (3). The step size hm in Eqs. 
(5) and (3) corresponds to the scaling parameters.  Note 
that because the step size is derived in the discretization 
procedure of the hybrid dynamical system, its value does 
not affect the theoretical results of the solutions for the 
continuous-time system in Eq. (4).

3.  Theoretical Results

In this section, the theoretical results of the solutions to 
the hybrid dynamical system in Eq. (4) are given. 

We first show that a solution can be made to stay 
positive. This property is preserved whether the inverse 
problem is consistent and indicates that the CIR system 
does not produce images with unphysical negative pixel 
values.

Proposition 1. I f  the initial value x0 of  the switched 
dynamical system in Eq. (4) is chosen in RJ

++, its solution 
ϕ(t, x0) behaves in  RJ

++  for all t ≥ 0.

Proof . The vector field of the jth element of the mth 
subsystem can be rewritten as dxj /dt = xj f  

m
j  (x) with the 

function f j
m.  Therefore, dϕ j /dt ≡ 0 holds for any j on 

the subspace satisfying xj = 0, which means the subspace 
becomes invariant, and, on the basis of the uniqueness 
criteria of solutions to the initial value problem, no flows 
can pass through every invariant subspace. This leads to 
the proof.

Assuming that the individual subsystems have the 
common equilibrium e satisfying ym = Ame for any m = 
1, 2, . . . , M, we can prove the existence of a Lyapunov 
function for all subsystems in Eq. (4), which guarantees 
that the corresponding switched system has a stable 
equilibrium e.

The OS-EM algorithm was introduced to reduce the 
computation time of ML-EM. However, even in the 
consistent case, the convergence proof6) requires the 
values of λm

j  to be independent of the subset m, which 
is referred to as the “subset balance.”  This condition is 
restrictive in practical applications. Byrne9) presented a 
more general sufficient condition called “a generalized 
subset balance,” meaning that λm

j
  is separable and positive 

values  δm exist such that

λm
j
  = δm λ j

 ,  j = 1, 2, . . . , J,  (6)

where m = 1, 2, . . . , M.  Our convergence proof on the 
stability of an equilibrium observed in the switched 
system in Eq. (4) needs the same condition as Eq. (6).

One of the main results is a stability theorem for the 
continuous OS-EM system as follows.
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Theorem 1.  I f  there exists a unique solution e ∈ RJ
++  to 

the system y = Ax with the matrix A satisf ying the condition 
of  Eq. (6), the equilibrium e of  the dynamical system in 
Eq. (4) with α∈ (0, 1] is asymptotically stable.
Proof . This follows from Lyapunovʼs stability theorem. 
We define a possible candidate for a Lyapunov function as 
a weighted KL divergence, 

J

V (x) = jλ
− 1

=
J

KL(ej , x j )

j =1

j =1

jλ
− 1 ej log

ej

x j
,+ x j − ej

 (7)

which is positive definite and is well-def ined via 
Proposition 1 when initial value x0 is chosen in RJ

++ .  It can 
be written as

V (x) =
j =1

jλ
− 1

ej

J x j

s
s − ej ds.

Using the concavity of the log function and Jensenʼs 
inequality, we then calculate its derivative with respect to 
the dynamical system in Eq. (4) with α  ∈  (0, 1] as

(8)
dV
dt

(x)
(4)

=
J

j =1

x − e dx
λ j x j dt

= −
J

j =1

ej

j jj

log
λ j

+
J

j =1

x j log
λ j

λ j
m A j

m Exp(α(Log(ym ) − Log(A m x)))

≤ −
J

j =1

ej

λ j

λ j
m A j

m Exp(α(Log(ym ) − Log(A m x)))

+
J

j =1

x j

λ j

λ j
m A j

m α(Log(ym ) − Log(A m x))

= − δm
I m

i=1

yi
m

λ j
m A j

m Exp(αα(Log(ym ) − Log(A m x))) − 1

(α(log(yi
m

+ δm
I m

) − log((A m x)i)))

i=1

(A m x)i (exp(α(log(y

≤ − δm
I m

i=1

i
m ) − log((A m x)i))) − 1)

yi
m ))))

+ δm
I m

i=1

(1 − exp(α(log((A m x)i) − log(yi
m

(A m x)i (exp(α(log(yi
m

= δm
I m

i=1

) − log((A m x)i))) − 1)

i{(A m x)i}
α{ym

i )

≤ 0

} 1− α + {(A m x)i}
1− α{ym }α − ((A m x)i + yi

m

where m = 1, 2, . . . , M, and x is in RJ
++ .  In the last 

inequality,  we used the fact that the Heinz mean is less 
than or equal to the geometric mean when α ≤  1.  The 
derivative equals zero at x = e ∈ RJ

++.  Consequently, the 
hybrid system consisting of the family of subsystems in 
Eq. (4) has a common Lyapunov function defined by Eq. 
(7), so the equilibrium e of the system is asymptotically 
stable under arbitrary switching signals.

The proof of Theorem 1 can be rephrased as follows.  
If the system y = Ax has a unique solution e ∈ RJ

++, the 
objective function V (x) in Eq. (7) decreases monotonically 
in time for the solution to the system in Eq. (4) with x0 ∈ 
RJ

++.
We use another Lyapunov function as an objective  

function that has to be minimized.
Theorem 2. I f  the system  y = Ax possesses a unique 
solution e ∈ RJ

++, the following objective function W (x(t)) 
decreases monotonically in time t f or solutions of  the  
system in Eq. (4) with M = 1 and  x0 ∈ RJ

++ :

1
W(x) =

1 − α
y (v − Exp ((1−α) (Log(Ax)− Log(y)))) +v ( Ax −y)

where v indicates an all-ones vector and α  is positive and 
not equal to 1.
Proof. We have

I

i=1 yi

A i x
1 −

yi

w
α

dw =
I

i=1

w −
1

1 − α
yi
αw1− α

=

A i x

yi

I 1
1 − α

yi 1 − −
A ix
yi

1− α
+ Aix yi

i=1

=W (x)

for α  > 0 and α ≠ 1.  Then, we see that the function W (x), 
which is a generalized Hellinger distance24), is positive 
definite for x ∈ RJ

++ .  We can obtain the derivative with 
respect to the system in Eq. (4) with M = 1 using the 
inequalities (s － 1)/s ≤ log(s) ≤ s － 1 for s > 0 as follows:

(9)

where u  ∈ RJ
  and v ∈ RI

 
 indicate all-ones vectors.  By 

putting
p := Exp (α(Log(y) － Log(Ax)))

for simplicity, Eq. (9) can be written as  

dV
dt

(x)
(4)

=
J

j =1

x − e dx
λ j x j dt

= −
J

j =1

ej

j jj

log
λ j

+
J

j =1

x j log
λ j

λ j
m A j

m Exp(α(Log(ym ) − Log(A m x)))

≤ −
J

j =1

ej

λ j

λ j
m A j

m Exp(α(Log(ym ) − Log(A m x)))

+
J

j =1

x j

λ j

λ j
m A j

m α(Log(ym ) − Log(A m x))

= − δm
I m

i=1

yi
m

λ j
m A j

m Exp(αα(Log(ym ) − Log(A m x))) − 1

(α(log(yi
m

+ δm
I m

) − log((A m x)i)))

i=1

(A m x)i (exp(α(log(y

≤ − δm
I m

i=1

i
m ) − log((A m x)i))) − 1)

yi
m ))))

+ δm
I m

i=1

(1 − exp(α(log((A m x)i) − log(yi
m

(A m x)i (exp(α(log(yi
m

= δm
I m

i=1

) − log((A m x)i))) − 1)

i{(A m x)i}
α{ym

i )

≤ 0

} 1− α + {(A m x)i}
1− α{ym }α − ((A m x)i + yi

m

=W (x)

dW
dt

(x )
(4)

· AX Log

= ( v− Exp (α(Log(y)− Log(Ax))))

ΛA Exp (α(Log(y)− Log(Ax)))

· AX u − Exp −Log

≤ − Exp (α(Log(y) − Log(Ax )))

+ v AX

ΛA Exp (α(Log(y)− Log(Ax)))

,ΛA Exp (α(Log(y) − Log(Ax))) − u
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dW
dt

(x)
(4)

−Log≤ − p AXu

u

+ p AX Exp ΛA p

+ v AXΛA p − v AX  . (10)

For the first and third terms of the right-hand side in Eq. 
(10), one gets 

= p AX (− +ΛA v)

− p AXu AXu
u

+ v AXΛA p = − p p+ AΛXA v

= 0

and obtains for the second and fourth terms

Logp AX Exp − ΛA p − v AX = uu AXu
AXu

u
u

X Λ− 1 − v
= XA v −v
= 0.

Therefore,

dW
dt

(x)
(4)

≤ 0

and the Lyapunov function W(x) decreases along the flow. 
This concludes the proof.

4.  Numerical Experiment

In this section, we present an experiment to illustrate 
the effectiveness of the proposed system in Eq. (3) with 
the power exponent α  as a chosen parameter.  The 
performance of image reconstruction by the proposed 
method was evaluated using a numerically simulated 
phantom.

Figure 1(A) shows the phantom e ∈ RJ
+ consisting 

of 128 × 128 pixels (J = 16,384), which has a range of 
pixel values between 0 and 1. The projection y ∈ RI

++ (I 
= 33,300) was obtained by simulating a 180 degree scan 
at every 1 degree by 185 detectors per projection view 
and created by using the model y = Ae +σ with σ ∈ RI 
denoting the white Gaussian noise such that the signal-
to-noise ratio (SNR) was 30 dB unless otherwise specified.  
Noise-free and noisy sinograms are shown in Figures 1(B) 
and (C), respectively. In the experiment, we set the initial 
values to

I

zj (0) = i=1

yi

I

i=1

J

j =1

Aij

, j = 1, 2, . . . , J. (11)

We used unblocked and blocked systems derived from 
Eq. (3) with M = 1 and M = 6, respectively, and the step 
size hm is set to one for any m.  We examined the case 
where the values of α  in Eq. (3) were changed between 
0.25 and 1.90.  For evaluating the quality of reconstructed 
images and the property of convergence, we used the 
weighted KL divergence between the phantom e and the 
reconstructed image z as defined in Eq. (7).  Since the 
KL divergence is a Lyapunov function of the proposed 
continuous-time system in Eq. (4), it is suitable for a 
function to evaluate the performance.

Figure 2 shows the values of the evaluation function 
V(z(N)) of the difference between the phantom image 
e and a reconstructed image z(N) obtained by using the 
formula in Eq. (3) with M =1 at the Nth iteration starting 
from the common initial value z j  (0) in Eq. (11) and 
variations in the parameter α , where the cyan, red, green, 
and blue curves indicate the results at the 50th, 100th, 

Fig. 1.  Simulated phantom image and sinograms.  The simulated phantom image shown in (A) is made of 128 × 28 pixels 
and consists of a range of pixel values between 0 and 1. (B) and (C) show noise-free and noisy sinograms, respectively, and 
sinogram (C) was created by adding white Gaussian noise such that the SNR is 30 dB.

1.2

0
(B) Noise-free sinogram(A) Phantom (C) Noisy sinogram

=W (x)

dW
dt

(x )
(4)

· AX Log

= ( v− Exp (α(Log(y)− Log(Ax))))

ΛA Exp (α(Log(y)− Log(Ax)))

· AX u − Exp −Log

≤ − Exp (α(Log(y) − Log(Ax )))

+ v AX

ΛA Exp (α(Log(y)− Log(Ax)))

,ΛA Exp (α(Log(y) − Log(Ax))) − u
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α α
(A) ML-EM algorithm without noise (B) ML-EM algorithm with noise

V
 (z

(N
))

V
 (z

(N
))

N = 50
N = 100
N = 150
N = 200

N = 50
N = 100
N = 150
N = 200

150th, and 200th iterations, respectively. Similarly, Figure 
3 shows the result for M =6. We observe that there exists 
an appropriate value of α  that minimizes V(z(N)) at each 
number of iteration depending on the noise levels.  In 
the simulation under noise-free projection data, we found 
that ML-EM (M = 1) and OS-EM (M = 6) give the same 
tendency that the evaluation V(z(N)) decreases as α  
increases, as shown in Figures 2(A) and 3(A).  By contrast, 
for noisy projection, it was shown that the values of the 
evaluation V(z(N)) decrease with decreasing value of α .  
That is, we see that an effect of adopting the power 
exponent α  is to vary the convergence rate according to 
the noise levels.

The values of V(z(N)) at N = 100 with variation of SNRs 
are shown in Figures 4(A) and (B) for ML-EM and OS-
EM algorithms with α  = 0.5, 1, and 1.5. Each graph makes 
it easy to find a suitable value of α  depending on the 
noise levels of the projection data. That is, we see that the 
value of the evaluation function for each algorithm with α
≠1 becomes smaller than that of the conventional method 

(α  = 1) by setting α  to be greater than 1 for higher SNR 
values and setting α  to be less than 1 for lower SNR 
values; the values of around 40 to 50 dB are the boundary. 

The reconstructed images are shown in Figures 5 and 
6 to emphasize the property of Figure 4. Figures 5 and 6 
present the reconstructed images using the sinograms 
shown in Figures 1(B) and (C), respectively, for N = 100 
in the ML-EM and OS-EM algorithms with α  = 0.5, α  = 1, 
and α  = 1.5.  In Figure 5, it can be seen that a high-quality 
reconstructed image is obtained by increasing the value 
of α  in a situation where there is no noise.  It is clear that 
this tendency is more pronounced in the ML-EM method 
than in the OS-EM method with fast convergence.  This 
means that the convergence rate is accelerated by 
increasing the value of α  in a situation where there is low 
noise or no noise; as a result, it is possible to make the 
solution closer to the optimal solution.  Furthermore, in 
the case where noise is added, as shown in Figure 6, we 
found that it is possible to suppress the noise component 
of the reconstructed image by reducing α .  In contrast 

Fig. 2.  Comparison of α  and evaluation function V(z) at each iteration in ML-EM algorithm. The figure shows 
the values of evaluation function V(z) using the proposed algorithm in Eq. (3) with M = 1 at the Nth iteration 
while varying α  with (A) noise-free and (B) noisy projections, where the cyan, red, green, and blue curves 
indicate the results at the 50th, 100th, 150th, and 200th iterations, respectively.

Fig. 3.  Comparison of α  and evaluation function V(z) at each iteration in OS-EM algorithm. The figure shows 
the values of evaluation function V(z) using the proposed algorithm in Eq. (3) with M = 6 at the Nth iteration 
while varying α  with (A) noise-free and (B) noisy projections, where the cyan, red, green, and blue curves 
indicate the results at the 50th, 100th, 150th, and 200th iterations, respectively.
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to the noise-free situation, by decreasing the value of 
α , since the convergence rate is decelerated and the 
divergence of the solution is suppressed, the effect of 
suppressing the noise component can be seen.  We have 
confirmed that the results shown above do not change 
even at large image sizes such as 512 × 512  pixels. In 
other words, it has been confirmed that the proposed 
method does not depend on the image size.  These results 
suggest that the quality of the reconstructed image can 
be controlled by adjusting α  according to the X-ray dose 
used for imaging in clinical applications.  As a specific 
example of clinical application, it is considered that a 
noise-suppressed reconstructed image can be obtained by 
reducing the value of α  when radiography is performed 
with a low dose to reduce the radiation exposure dose 
in X-ray CT.  On the other hand, when radiography is 
performed with a sufficiently high dose, we consider 
clinical applications where higher quality reconstructed 
images can be obtained by increasing the value of α
.  Since our proposed method is an extended system that 

introduces the power exponent into the conventional OS-
EM algorithm, we insist that it is a useful algorithm that 
does not have the drawbacks that would make it inferior 
to the conventional OS-EM algorithm.

5.  Concluding remarks

We proposed an extended OS-EM algorithm with a power 
exponent α  of the ratio of the measured projection to 
the estimated forward projection in each iterative step. 
For the continuous analog of the extended OS-EM, we 
theoretically prove the stability of an equilibrium by using 
Lyapunovʼs theorem with weighted KL divergence as a 
Lyapunov function for the case α ≤1.0.  Moreover, for a 
continuous-time ML-EM system that is a non-ordered 
subset system with M = 1, it was also possible to prove 
the stability using the generalized Hellinger distance as 
the Lyapunov function by expanding the case where the 
value of exponent α  is any positive number.  We found 
that the characteristics of robustness for measurement 

Fig. 4.  Comparison of power-based OS-EM at N = 100 with power exponent α  while varying SNR with (A) 
M = 1 and (B) M = 6, where red, blue, and green curves indicate α  = 0.5, α  = 1, and α  = 1.5, respectively.

Fig. 5.  Comparison of reconstructed images for noise-free projection. 
Each image indicates reconstructed images using noise-free projection 
data shown in Figs. 1(B) for N  = 100 in the ML-EM and OS-EM 
algorithms with α  = 0.5, α  = 1, and α  = 1.5.

Fig. 6.  Comparison of reconstructed images for noisy projection. Each 
image indicates reconstructed images using noisy projection data with 
an SNR of 30 dB, as shown in Figs. 1(C) for N = 100 in the ML-EM and 
OS-EM algorithms with α  = 0.5,	α  = 1, and α  = 1.5.
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noise are shown by setting the exponent α  < 1 through 
numerical experiment. The use of the extended OS-
EM algorithm with an appropriate exponent depending 
on the noise levels gives a better quality image. The 
reconstruction of high-quality images made by our 
method even for noisy projection data allows patient dose 
reduction in clinical practice.
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